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Abstract 

Using the methods developed in earlier papers we analyze a new type of de- 
formation of the superspace. The twist we use to deform the iV = 1 SUSY Hopf 
algebra is non-hermitian and is given in terms of the covariant derivatives D^- 
A SUSY invariant deformation of the Wess-Zumino action is constructed and 
compared with results already known in the literature. Finally, by calculating 
divergences of the two-point Green functions a preliminary analysis of renormal- 
izability properties of the constructed model is done. As expected, there is no 
renormalization of mass and no tadpole diagrams appear. 
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1 Introduction 



The idea of noncommuting spacetime coordinates goes back to Heisenberg who sug- 
gested m that uncertainty relations between coordinates could resolve the ultraviolet 
(UV) divergences arising in quantum field theories. The issue was then investigated by 
Snyder in [2j, but did not attract much interest at the time. However, in the last two 
decades noncommutative geometry has found applications in many branches of physics 
such as quantum field theory and particle physics, solid state physics and many others. 
Comprehensive reviews on the subject can be found in references [3], [3], [5], [6], [Z],[8], 

Having in mind problems which physics encounters at small scales (high energies), 
in recent years attempts were made to combine supersymmetry (SUSY) with non- 
commutative geometry. Different models were constructed, see for example [10], [llj . 
|12j . |13j . |14j . |15j . Some of these models emerge naturally as low energy limits of 
string theories in backgrounds with a constant Neveu-Schwarz two form and/or a con- 
stant Ramond-Ramond two form. In [13] the anticommutation relations between the 
fermionic coordinates were modified in the following way 

{rt^^} = c"^ {e^*e^} = {e^*0^} = o , (i.i) 

where C"^ = C^"^ is a complex constant symmetric matrix. The analysis is done in 
Euclidean space, since the deformation (jl.ip is hermitian only in Euclidean signature 
where undotted and dotted spinors are not related by the usual complex conjugation. 
Note that the ^-product used in (jl.ip is also well defined in Minkowskian signature 
although in that case it is not hermitian [14j. The chiral coordinates y™" = + i9a'^9 
commute in this setting, therefore the notion of chirality is preserved, i.e. the 
product of two chiral superfields is again a chiral superfield. On the other hand, the 
constructed models break one half of the N = \ SUSY so they are invariant only under 
the so-called N = 1/2 SUSY. Renormalizability of the Wess-Zumino models with this 
deformation was considered, see for example [16]. Some of the obtained results are: 
the renormalizability is lost already at the one loop level, but it can be restored by 
adding to the classical action new couplings (interaction terms) which depend on the 
deformation parameter. Also, a pure gauge sector which is supergauge invariant and 
one loop renormalizable can be constructed [TT]. Recently, a renormalizable N = 1/2 
super- Yang-Mills model with interacting matter was constructed in [18]. 

Another type of deformation was introduced in [14]. There the product of two 
chiral superfields is not a chiral superfield but the model is invariant under the full 
supersymmetry. A deformation of the Hopf algebra of SUSY transformations by a 
twist was considered in [T9] . 

In our previous paper [20] we applied the twist formalism to deform the Hopf 
algebra of = 1 SUSY transformations. Our choice of the twist is different from that 
in [19]. We work in Minkowski space-time and choose a hermitian twist. As undotted 
and dotted spinors are related by the usual complex conjugation, we obtain 

{rt^^} = c"^ {0aie.} = c^., {rt^a} = o, (1.2) 
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with C^i^ = {Cap)* ■ The deformed Wess-Zumino Lagrangian was formulated and an- 
alyzed; the action which follows is invariant under the twisted SUSY transformations. 
Superfields transform in the undeformed way, while the Leibniz rule for SUSY trans- 
formations (when they act on a product of superfields) is modified. Since the action is 
non-local it is difficult (but not impossible) to discuss renormalizability properties of 
the model. 

Nevertheless, we are interested in renormalizability properties of theories with 
twisted symmetries. It is important to understand whether deforming (by a twist) 
of symmetries spoils some of the renormalizability properties of SUSY invariant theo- 
ries. Therefore, in this paper we analyze a simpler model with the twist given by 

jr^^hC^^D^^D,^ (1.3) 

where C"^ = C^°^ G C is a complex constant matrix and Da = da — icr^'^Oadm are 
the SUSY covariant derivatives. 

Following the method of [20] in the next section we introduce the deformation 
and the ^-product which follows from it. Due to our choice of the twist ()1.3p . the 
coproduct of SUSY transformation^ remains undeformed, leading to the undeformed 
Leibniz rule. Being interested in deformations of the Wess-Zumino model, we discuss 
chiral fields and their products. The product of two chiral fields is not a chiral field 
and we have to use the projectors defined in [21] to separate chiral and antichiral parts. 
All possible invariants are listed in Section 4 and the deformed Wess-Zumino action 
is constructed in Section 5. Using the background field method we then analyze two- 
point functions and their divergences. Finally, we give some comments and compare 
our results with the results already present in the literature. Some details of the 
calculations are collected in appendices A and B. 

2 /^-deformation of the Hopf algebra of SUSY transfor- 
mations 

The undeformed superspace is generated by the coordinates x, 9 and 6 which fulfill 

= [x",r] = [x"^,^<i]=0, 

= = {r,^^} = 0, (2.4) 

with m = 0, . . . 3 and a, /3 = 1, 2. To we refer as to bosonic and to 0" and 9a we 
refer as to fermionic coordinates. Also, = x'^Xm = —{x^)"^ + (x"*^)^ + (x^)^ + (x^)^. 
A general superfield -F(x, 0, 9) can be expanded in powers of 6 and 9 

F(x, 9, 9) = fix) + 9^{x) + 9x{x) + 99m{x) + 99n{x) + 9a"'9vm 

+999\{x) + 999^{x) + 9999d{x). (2.5) 

^We only consider the A'^ = 1 SUSY in this paper. The generahzation to A'" = 2 SUSY and higher 
can be obtained by following the same steps as in Section 2. 
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Under the infinitesimal SUSY transformations it transforms in the following way 



6^F = (eg + ^Q)F, (2.6) 

where and ^ are constant anticommuting parameters and Q and Q are the SUSY 
generators 

Qa = da-iaZj^'dm, (2.7) 

= a" - ira^^e^^a™. (2.8) 

As in [22], [20], we introduce a deformation of the Hopf algebra of infinitesimal 
SUSY transformations by choosing the twist J-' in the following way 

_^ = g|c"^D„®D^^ (2.9) 

with the complex constant matrix = C^" G C. Note that this twist is not 
hermitian, J^* ^ T. The usual complex conjugation is denoted by It can be 

shown [23] that (j2.9p satisfies all the requirements for a twist [24]. The Hopf algebra 
of SUSY transformation does not change since 



{Qo..Bfi\ = {Q^,Dfi\ = ^ (2.10) 



and it is given by 
• algebra 



coproduct 



{Qa, Qp} = {Qa, Qp} = 0, {Qa, Q = 2ia™^5^, 

[dm,dn] = [dm, Qa] = [dm, Qa] = 0. (2.11) 



AQa = <3a ® 1 + 1 O Qa, AQa = Qa ^ + 1 Qa, 

Adm = dm (E) I + l(S> dm- (2.12) 



• counit and antipode 

e{Qa) = £{Qa) = e{dm) = 0, 

S{Qa) = -Qa, S{Qa) = -Qa, S{dm) = -dm- (2.13) 

This means that the full supersymmetry is preserved. 

Strictly speaking, the twist (|2.9p does not belong to the universal enveloping algebra 
of the Lie algebra of infinitesimal SUSY transformations. Therefore, to be mathemat- 
ically correct we should enlarge the algebra (j2.11|) by introducing the relations for the 
operators Da as well. Note that the same happened in ^20j, where the twist was given 

by 



jr = + ^2.14) 
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with the complex constant matrix C"'^ = and C°^^ and C*"^ were related by 
the usual complex conjugation. There we had to enlarge the algebra by adding the 
relations for the fermionic derivatives da and (9". 
The inverse of the twist (12.91) 



^-l^^-\C-^D^^D,^ (2.15) 

defines the ^-product. For two arbitrary superfields F and G the ^-product reads 

Fi^G = ^lAF®G} 

= ^l{T-^F®G} 

= F.G-]^{-l)\^\G"^{DaF).{DpG) 

Ac^PC'<\DaD^F) ■ (DpDsG), (2.16) 

o 

where \F\ = 1 if F is odd (fermionic) and \F\ = if F is even (bosonic). The 
second line of (j2.16p is the definition of the /i^ multiplication. No higher powers of C"^ 
appear since the derivatives Da are Grassmanian. The ^-product (|2.16|) is associativ^, 
noncommutative and in the zeroth order in the deformation parameter Cap it reduces 
to the usual pointwise multiplication. One should also note that it is not hermitian, 

{F G)* ^ G* F* . (2.18) 

The ^-product (j2.16p leads to 

{e^^e^} = c"^, {9aie0} = {9''^ea} = o, 

[x"^ ^ 9"] = -iG'"^a'^'^9^, [x™ t Oa] = 0. (2.19) 
The chiral coordinates also do not commute 

= -899C"^{a"'^e)ap. (2.20) 

Other (anti) commutation relations follow in a similar way. 

Relations (|2.19|) enable us to define the deformed superspace. It is generated by 
the usual bosonic and fermionic coordinates (j2.4p while the deformation is contained 
in the new product (j2.16p . From (|2.19p it follows that both fermionic and bosonic part 



■^The associativity of the *-product follows from the cocycle condition _24_ which the twist T has 
to fulfill " 

Ti2{A ^ id)T = J=-23{id(g) A)T, (2.17) 

where T12 — and T23 = 1<^J-. It can be shown that the twist (|2.9|l indeed fulfills this condition, 

see for details 23 • 
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of the superspace are deformed. This is different from [2D] where only the fermionic 
coordinates were deformed. 

The deformed infinitesimal SUSY transformation is defined as 

S^F = {^Q + ^Q)F. (2.21) 

Since the coproduct (j2.12p is undeformed, the usual (undeformed) Leibniz rule follows. 
Then the ★-product of two superfields is again a superfield. Its transformation law is 
given by 

(5|(F*G) = {^Q + CQ)iF^G) 

= + (2.22) 

3 Chiral fields 

Since we are interested in possible deformations of the usuaH Wess-Zumino action, we 
now analyze chiral fields and their ★-products. 

A chiral field $ fulfills = 0, where Da = —da — i0°'cr"^a'^m and Da is related 
to Da by the usual complex conjugation. In terms of the component fields the chiral 
superfield <I> is given by 

^{x,9,9) = A{x) + V2e''iPa{x) + 99H{x) + i9a^e{diA{x)) 

-^99{dmi^''{x))aZaO'' + ^9999{aA{x)). (3.23) 
V 2 4 

The ★-product of two chiral fields reads 

$ * $ = $ . $ - -C'^'^C^^DaD.i^DpDs^ 
8 

= $ . $ _ J_c2(i:)2$)(i:)2$) 

32 

= - —H^ + 2V2 A9''tPa 



V2C^H9aa"'°''{dm^l^a) + 99(2AH - 



+Cm(^ - HUA + i(5^V)fT™a'(5i^)) 
+i9a'^9(d^{A^) + C'^Hd^H 
+iV2999aa'^^''{d^{^aA)) 
+ '^99C'^{-H9Uil: + 9a"'a''dni^dmH) 
+^9999{\JA^ - ^C^OH^), (3.24) 



In this paper "usual" always refers to undeformed, that is to the case Ca/s = 0. 
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where = C^^C^ha^^eps. Because of the 6, 69 and the 999 terms (pM) is not a 
chiral field. Following the method developed in [20] we decompose the ^-products of 
chiral fields into their irreducible components by using the projectors defined in [21j . 
The antichiral, chiral and transversal projectors are defined as follows 

(3.25) 
(3.26) 
(3.27) 



Pi = 


1 D^D^ 


16 □ ' 


P2 = 


1 D^D^ 


16 □ ' 


Pt = 


IDD'^D 

8 □ 



The chiral part of (j3.24p is undeformed and it is given by (for details we refer to 

M) 

P2(^>*^>) = 

= + 2V2A9"ipa + 99 (2 AH - V'V) 

+i9a"'e(d^iA^)) + iV2999aa'^'^''{dm{i^aA)) 



The antichiral part reads 



+^9999UA^. (3.28) 



Pi($*^.) = -^H^ -i^C^H9a'^dmi^ + Cm(^-HUA + ]^{d^'4,)a'^<j\dii>)) 
+i9a"'9C^Hdn,H + ^99C^{-HeUiP + 9a"'a''dni^dn^H) 

--9999C^nH^. (3.29) 
8 

In this case there is no transverse part of $ * $, 

Py($*$) = 0. (3.30) 
Next, we calculate the ^-product of three chiral fields. The following identity applies 
($*$)^$ = (^>-$ + Pi($*$))*^> 

= — C2£)2(^$$)d2$ + Pi($*$)$, (3.31) 

32 



with 



1 



32 



1 



—C^D^{^^)D^^ = - AH"^ + -H{^i))-iV2AH9a''{dn'<lj) 



2 

-iV2{9a^d^{A^lj))H + !^(^^"a„^)(^^) 
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+96 - AHOA - -HOA^ + -V-^D^ 

+^^{A^P)a"'a^{^n^P) 
+ida"'edm(^AH^ - ^//^V) 

+ ^{ee){^- AHeUij; +'^{eU'il^){il;ip) - H9U{A'iIj) 
+9a^a"'d^{Ai;){dnH) + ^0a'a"'{d^i^)di{2AH - 4,^) 

+^eee9a(^ - AH^ + ^{'il;'ilj)H^ (3.32) 



and 



1 /9 1 

-AH^ - ^9iIjH^ - -99H^ - iV2{9a"'{dm^P))AH 



+{99){-HAnA + ^A{di^)a'a'^{dn,ij)) 
+i{9a'9){^AidiH^) - ^H\diA) + (V^7/a-(9„V))^) 
+iV2(^^{99){9a'i;){diH^) - ^{99){6a'^{d^i;))H^ 

+:/le9{9a^<j^d^{Hdn^)A - 2{9il;){HUA - 
-{HdiA)9a'a'^{drni^) 

+9999( - -ADH^ - -H^DA - -ija"'a''dn,iHdn^) 
V 8 8 2 

+H{^n,^^J)a"'a''i^n^) + ^{d^A)id"'H^))] . (3.33) 
It is easy to see that 

32 

The projections are given by 

32 

P2{P2{^ ^ ^) ^ ^) = (3.35) 

4 Invariants 

Let us now examine the transformation laws under the deformed SUSY transformations 
()2.2ip of terms which could be relevant for the construction of a SUSY invariant action. 
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There are two quadratic (in the number of fields) invariant^ Ii and l2- 



2AH - il^ip, 



Their transformation laws are given by 

dpi = 2iV2Ca"'dm{Ailj), 



5lh 



(4.36) 
(4.37) 

(4.38) 
(4.39) 



Looking at cubic terms we see that there are more candidates for possible invariants. 
The first two are I3 and I4: 



h 



P2(^'2(^*«')*^) 
Pl(P2(^*^') *^) 

C'^i - AHUA--HUA^ 
\ 2 



^{A^H - Ail,^}), 



(4.40) 



1 



^P^nA + dm{A^P)a^a^{dn^)]. 



(4.41) 



One can check that they indeed transform as total derivatives. Two more candidates 
are given by 



I5 = Pi(Pi($ *«>)★$) 
h = P2(Pi(^*^)*^) 



1 



AHUA + -A{dii:)a'a'^{drr,^) 



(-12 
2 



(4.42) 
(4.43) 



However they do not transform as total derivatives 



fi2 



2F(AnV'„ + i^oPA) + 2{a"'a')^{dii^fi){d^H)A 



+ dmi-..), 



Sp6 



3i 



(4.44) 
(4.45) 



+ dmi---)- 

Inclusion of these terms will not lead to a SUSY invariant action. The last candidate 
for a cubic invariant is Ij: 

-—(adh 

16 V 



Ij = P2(Pl($*^')*$) 



(4.46) 



^Strictly speaking, terms Ji and I2 are invariant only under the integral J d'^x, that is when included 
in an action. Since the construction of an invariant action is our aim, we continue with this abuse of 
notation and call "invariant" all terms that under SUSY transformations transform as total derivatives. 
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Since we are interested in equations of motion we omitted a term which is a total 
derivative in (|4.46p . Note also that the terms Pi{Pi{^ __ and P2{Pi{^ * 



^) -k ^) __ are equal up to a total derivative term and therefore lead to the same 

eeee ^Tv-rm, 
equations of motion. Since is the highest component of a superfield, under (j2.21|) it 

transforms as a total derivative and can be included in a SUSY invariant action. 



5 SUSY invariant Wess-Zumino model 



In order to write the SUSY invariant action we collect all invariant terms and obtain 
the following Lagrangian 



C 



+ 



(P2($ 



+ aPi($*$) 



+ 2c(Pi +P2)(A(^*«')*^) 



eeee 



c.c. 



(5.47) 



with m, A, a, b and c real constant parameters. Terms Pi(Pi(<I> <1>) * __ and 

eeee 

P2(Pi(^-k^)-k^) __ are equal up to a total derivative term and are therefore included 

eeee 

with the same coefficient. The action in component fields which follows from (j5.47p 
reads 



S 



+m{AH - ^ipip) + m{A*H* - ^-(/'V') 
+X{A^H - AiljtP) + X{{A*fH* - A*i;i;) 



+ 



(maii^tpOil; - HaA) + Xa2{-AHaA - ^H{nA'^) 



+ c.c. 



(5.48) 



The coefficients a, b and c are related to ai, 02 and 03: a/2 = ai, 6/3 = 02 and c = 03. 
Note that (j5.48p is the full action, i.e. no higher order terms in the deformation 
parameter C"'^ appear. 

Varying the action (15.480 with respect to the fields H and H* we obtain the equa- 
tions of motion for these fields 



-mA - XA^ + maiC^iOA) + AaaC^^^DA + ^{OA^] 



(5.49) 
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*\2 



H = -mA*-X{A*)^ + maiC^(nA*) + Xa2C^(^A*nA* + ^{nA*'^)^ 

Axa^C^^- 2H*{nA*) + i^^^^J)a"'a'{^l^P)). (5.50) 

Unlike in the undeformed theory, equations (j5.49p and (j5.50p are nonlinear in H and 
H* . Nevertheless they can be solved 

H* = (l- 9{Xa3fC^C^{aA*){aA)'j - mA* - X{A 

+maiC^{aA*) + Xa2C^(^A*aA* + ^{aA*f 

-3Xa3C^{aA*){mA + XA^) - ^Xa3C^{dmij)a"'a\dii;) 

+3Xa3C^{nA*) maiC^iDA) + Xa2C^(^AnA + ^{BAf 

-ha3C\d^ij)a^a'{diiP)\], (5.51) 

and similarly for H. These solutions we can expand up to second order in the defor- 
mation parameter and insert in the action ()5.48|) . The action then becomes 



5 = ^0 + ^2, (5.52) 



with 

So 



J d^x ^A*nA + i{dm^)a"'ij - y (V'V' + tpip) - A(^>V5 + AtPi;) 
-m^A*A - mXA{A*f - mXA*A^ - X^A^ {A*f'^, (5.53) 
S2 = j d^2; {cVai (^ipiUij) + {UA){mA* + X{A*f)^ 

+C^Xa2 {^ijij{UA) + A^{U^) + {mA* + X{A*f){A{UA) + ]^{UA^)) 

\ ^ f ^ /I* I \//l*\2\//| — \ A \ ( ^ /I* I \/'/l*\2\ I \ - I I 



^C'Xa3{mA* + X{A*Y)[{UA){mA* + X{A*Y) + {d^i;)a"'<j\di^) 
+C'^mai i^i^iUi)) + {UA*){mA + A^^)^ (5,54) 
+C^Xa2 (^i>ij{UA*) + A*i,{Ui^) + {mA + XA^){A*{UA*) + ]^{U{A*f)) 
-Ic^Xa^imA + XA^)[{UA*){mA + XA^) + (a„V^)a'"a'(9/V5)) }• 
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6 Renormalizability properties: Two-point Green func- 
tions 



In this section we investigate some renormalizability properties of our model. Using 
the background field method [25] and the dimensional reductiorj^ [26] the divergent 
part of the effective action up to second order in fields is calculated. Note that we 
work with the action (j5.48p and not with (j5.52p . 

To start with, we rewrite the deformed action (|5.48|) introducing the real fields S, 
P, E and G as 

^/2 ^2 

and the Majorana spinoj^ ipM = ^^a^- The deformation parameter Cap can be 
written in the following way 

Cap = Kabia^'eU, C.^ = K.iea''').^. (6.56) 

Since Kab is a self dual tensor we write it as 

Kab = Kab + ^eabcdK"'^, (6.57) 

where Kab is a real antisymmetric tensor. In this way we obtain 

+ = AKabK"'' (6.58) 

C^-C^ = 2ieabcdK'"'K'''. (6.59) 

In order to simplify our calculation we will assume that C'^ — = 0. This choice can 
be obtained by setting kqi = 0. 

With all this and introducing 9 = the action (|5.48p become^ 



S — Sq + So 



with 



So = j d^x[^SaS+^PaP-^{ii;j"'dm^ + mi;i^) + ^{E^ + G^) 
+m{SE - PG) - gSip^p + gP^^j^ip 

+g{ES^ - EP^ -2SPG)Y (6.61) 



^The method of dimensional regularization has a draw-back that it might not preserve the super- 
symmetry. Therefore one uses a modification of it, the so-called dimensional reduction. 
''The index M on the Majorana spinors will be omitted in the following formulas. 
^In the notation of 'ST] the matrix 75 and the Lorentz generators E™" are defined as 

5 0123 v^mn 1 r ^ n^ t r' r^f\\ 

7=7 7 7 7, S =^[7,7]- (6.60) 
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c- 



' Jd^x{ 



maii-tpn^ - EDS + GDP) 



+ga2{PGaS - SEaS + PEDP + SGOP 



{s^nE - p^nE - 2SPDG) + -^^ns 



1 

—ipj^tpap + i^nips - i/j-y^ntpp) 

+^ga3i-E^nS + G^nS + 2EGDP - Edmi^d'^i^ 
+ GS^V^T^a™ V - 2ijTr''dn^pdraE + 2i^Tr''^''dni^dmG) } . (6.62) 

We split the fields into their classical and quantum parts, for example E ^ E + 6. 
The action quadratic in quantum fields is 

/*\ 
5 

V , (6.63) 
£ 



5(2) = ^{^ SV £ g)M 



where S, V, £, Q are quantum fields. The one loop efi^ective action is then 



-STrIn 
2 



1 + (□ - m^y^MC 



(6.64) 



with 



C 



\ 



ip + m 

















1 





—m 











1 





m 





—m 





□ 











m 





□ 



(6.65) 



The matrix MC can be decomposed into three parts 

MC = N + T + V. 
The zeroth order (in the deformation parameter) term is given by 



(6.66) 



N = 2g 



f{-S+fP){-ip + m) 
—^{—ip + m) 



V 



—ip j^4> mtp my^ip 

(E-mS) -{G + mP) -mE + SO -mG - Pd 

-G + mP -E-mS mG - PD -mE - SO 

S -P -mS -mP 

-P -S mP -mS 



J 



(6.67) 



The second order term (in the deformation parameter) which contains no fields is 



maiC^ 



(U{-ip + m) 




V 




















-m 















-□ 





mD 








□ 








(6.68) 
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The matrix V is second order in the deformation parameter and contains classical fields 
linearly. Its matrix elements are given in Appendix A. 

The one- loop divergent part of the effective action we calculate up to second order in 
g, second order in fields (two-point functions) and up to second order in the deformation 
parameter C^^. Therefore the effective action is given by 



-STr In 



2 

i 

2 [■ 



1 + {a - m^)-^{N + T + V) 



STY((n - m^y\N + T + V)) 



1, 



STr((n - m^)- W(n - m^)-^N) 
-STr((n - m^y^Nia - m^y^{T + V)) 
+STr(((n - m2)-iiV)2(n - m^r^T) . 



(6.69) 



The calculation of divergent parts of supertraces is tedious but straightforward and here 
we give only the results. The details are given in Appendix B. Denoting K = O — m?, 
we have 



STr{K-\N + T + V)) 



0, 



dS 



sas + PUP - ijip-ip + e'^ + G'^ 



STr 



0, 



(6.70) 

(6.71) 
(6.72) 



STi{R-^NR~^V) 



dS 



3a3m2(-2PnG 



27r2e 

-VinV' + 2SUE) 

+a2((n5)2 + i^Pf + ^rr?SUS 



STr{R-^NR-^NR-^T) 



m^E'^ + 1 



+ Am^PDP 



+4m'^E'^ + EUE + GUG + Arn^G'^] 



d^x 



SUS + PUP - ^i^i) + E'^ + G'^ 



(6.73) 



(6.74) 



In (j6.73p terms (□S)^ and {OP)'^ appear. Since these terms do not have classical 
counterparts we take 02 = 0. Then the divergent part of the one loop effective action 
(|6.69p is given by 



9 



-{SDS + POP + ijip^p + E^ + G^) 



a3CV2(2PnG + ^pD^p - 2SDE) 



13 



-C'^aim'^{SUS + PUP - ^i^V + + G^) 



(6.75) 



Let us now discuss the one-loop renormahzabihty properties of our model. To 
cancel the divergences we have to add to the classical Lagrangian the counterterms 

CB = Ca + C2-Ti. (6.76) 

In this way we obtain the bare Lagrangian Cb- It is important to note that the 
term /y in the classical action (|5.48p produces divergences proportional to I2 (compare 
()6.73p and ()6.62p ). so both of them are necessary in order to absorb the divergences in 
the effective action. From the form of the bare Lagrangian we see that all fields are 
renormalized in the same way: 

So = Po = -00 = V^V', ^0 = Go = VZG, (6.77) 

with 

Z = 1- -^(l-Aaim^C^). (6.78) 

The tadpole contributions add up to zero as in the commutative case. Also, Sm = 0, i.e. 
there are no 5mipip and 5m{SE + PG) counterterms. It is obvious that the deformation 
parameter has to be renormalized too, 

.2 (, 3a35^ 



The present analysis is not complete and we plan to consider the vertex corrections 
in a forthcoming publication. From the vertex corrections we should draw conclusions 
about the renormalization of the coupling constant g and about the renormahzabihty 
of the full model. 

Finally, let us make a comment concerning the non-renormalization theorem. From 
(I6.75P we see that the divergent part of the effective action consists of the usual term 

($+$) __ and a new (compared to the undeformed case) term Pi($ * <!*) __. Both 

eeee ee 
terms are expressible as integrals over the whole superspace. In particular, for the new 

term we have 

Pi($*$) __ = I d^x 9 eePi{^ir<^) 

ee J 

= -—C^ [ d^x d^ 9d^ 9 99{D^<^){D^^) 
32 J 

= ^G^ j d^x d^ 9d^ 9 $(L»2^). (6.80) 

We see that at the level of two-point Green functions there is no need to deform the 
nonrenormalization theorem. This conclusion is different from [2^ 
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7 Conclusions 



In order to see how a deformation by twist of the usual Wess-Zumino model affects 
its renormalizability properties, we considered a special example of the twist (j2.9p . 
Compared with the undeformed SUSY Hopf algebra, the twisted SUSY Hopf algebra 
is unchanged. In particular, the twisted coproduct is undeformed, which leads to the 
undeformed Leibniz rule (j2.22p . However, the notion of chirality is lost and we have 
to apply the method of projectors introduced in [20] . By including all constructed 
invariants, we formulate a deformation of the usual Wess-Zumino action (I5.48p . Finally, 
we discuss some preliminary renormalizability properties of the model. As expected, 
there are no tadpole diagrams and no mass renormalization counterterms. All fields are 
renormalized in the same way, which is another property of SUSY invariant theories. 
As the renormalization of the coupling constant g is concerned, at present we cannot 
say if it is renormalized and how. However, we see that the freedom in choosing terms in 
the action is partially fixed by demanding the cancellation of divergences. That request 
leads to 02 = and additionally we see that both oi and 03 terms are necessary. 

Let us remark that the twist ()2.9I) leads to the ^-product (12.161) which has already 
been discussed in [Ijj. In that paper the deformed Wess-Zumino Lagrangian has 
been constructed in two different ways. The difference was present in the interaction 

terms. Namely, one can take the term which (since <I>^ is not chiral) breaks 

00 

1/2 SUSY; this term is equal to our Iq (j4.43p and was not included in our deformed 
model ()5.48p since it is not SUSY invariant. Adding its complex conjugate breaks the 
full super symmetry. The other possibility which was considered in [14] was to take 

the term $2 __ as an interaction term. Is is equal to our I7 (I4.46D . Since it is the 

eeee 

highest component of the superfield ^f, it transforms as a total derivative and the 
action is invariant under the full supersymmetry. However, its commutative limit is 
zero and it is not a deformation of the usual interaction term. The commutative limit 
is obtained in [T2] by adding the term (<I>'^)^ which is undeformed and its complex 
conjugate reproduces the proper commutative limit. We have seen that the action 
with only the I1 term is not renormalizable. 

Renormalizability of the deformed Wess-Zumino models with the term oc 
was studied, see for example |16] . To make these models renormalizable one has to 
add additional terms to the original action. The main advantage of our model is the 
absence of this problem. By including all possible invariants from the beginning we 
see that no new terms are needed to cancel the divergences that appear. However, our 
results are not complete since we calculated here only the divergences in the two-point 
functions. In the forthcoming paper we will consider the vertex contributions and then 
we will be able to tell if our present conclusions still hold. 



15 



A Matrix elements of V 

The matrix elements of V are given by 



11 



Vl2 

Vu 

V21 
V22 
V23 

V24 
V25 

V31 
V32 
V33 
V34 



gC^i^a2{nS + 2sa - 7^np - 2P7^n) 
-2T.^^dmEdn + 2Y,^^^''dmGdn)) {-ip + m), 

7^^n - 27^0^^^ 



9C 



a2 



+3a3m( - j'^a^ - j'dm^d'^ + 2S™"755„V5^) 
gC"^ - ma2 (ipO + 2D'tp^ + 803 (pi/; 



gC^ ma2 ( - j^ipD - 2-^^a^^ 

+3a3m( - j^D^ - j^dm^d"" + 2S"^'^7^a„V;5„)n 



gC^ a2( □■0 + 2V'n](-«^ + 



- a2(2£;n + UE) + ma2iaS + SU + ^S) + SmasS^; 
a2(nG + Gn + ttG) 
+ma2(nP + PD + + Sma3^G , 

fma2(2Sn + DE) - 02(08 + SD + ^3)0 - Baa&^D 
gC'^ \ma2iDG + GD + Sg) 



+02 (DP + PD + Gp)n + SaaGcnJ , 



gc' 



a2 



hipj^ - 2V'7^n) {-ip + m)] , 



gG^ \a2{DG + GD + ^G) - 02 (DP + PD + &P) - Smas^G 
^G^ a2(2£;n + □£;) + ma2{nS + SD + GS) + 3ma3tt£;] , 



gc' 



a2m 



(□G + GD + &G) 



+02 (DP + PD + &P)n + Sas&GD 



^35 = 



ma2{2ED + □£;) + 03 (DS + SD + ^S)n + Saa^-Bn] ^ 
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V43 
^1 

^53 
^55 



gC^ [303 ( - d'^i^dm - 2dmi^Tr^dn) {-ip + m) 
gC'^ \ - a2{US + SU + "US) + 803 (mD^ - EU) 
gC^ \a2{nP + PU + 'up) + 2,a^{mUP + GU)\ , 
gC^ \a2gm{US + SU + hs) + ^a^{-USU + mEU) 
gC^ \ma2{nP + PD + Sp) + 3a3((nP)n + mGD) 



'ip + m) 



gC^ [02 (DP + PD + &P) + 3a3(-mnP + GO) 
gC^ \a2{nS + SD + ^S) + SmasimDS + ED) 



= -gc' 



ma2 



{OP + PD + Gp) - 3a3(-mGn + (□P)n) 



\ma2{aS + Sn + ^S) + SasimEn + (□5))n 



(1.96) 
(1.97) 
(1.98) 
(1.99) 
(1.100) 
(1.101) 
(1.102) 
(1.103) 
(1.104) 
(1.105) 



B Calculation of Supertraces 



Here we calculate the divergent parts of two supertraces: STv(K~^ N K~^V) and 
STv{K~^NK~^NK~^T). The following general formulas for the divergent parts of 
traces are used 



TriK-^fK-^g) 
TvidnK-^fK-^g) 
Tr{dnK-^fdmK-^g) 

Tr{K-^fdaK-^gdbK-^h) 
TV(i^-V) 

TV(nif-V) 



i 

167r2e 

i 



J d^'x fg, 
j d^rc dnfg, 



{^dmdnfg + Y^r]mnOfg - ^Tqmnrr? f g^ , 



327r2f 



r]ab J d^x fgh, 



0, 

8^ 
167r2e 



d^x /, 



d^x /, 



(2.106) 
(2.107) 
(2.108) 

(2.109) 

(2.110) 
(2.111) 
(2.112) 

(2.113) 
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STv{K-'^NK-^V) 

Using the definition of Supertrace we obtain 

STv{K-'^NK-^V) = -^Tr{K-^NiiK-^Vii) 

i 



+ ^Tr{K-'N5iK-^V^,). 



(2.114) 



Tlie terms in ()2.114p are 



Tr 



11 



27r2f 



,4d2\ 



Tr 



+^a^{-m^PUG - IQm'^SE + rn^SUE - 2m^PG) 
K-^N2zK-^V^2 + K-^N:i2K-^V2z 



(2.115) 



47r2e 



2a2{GUG + Am^G'^) 



+2m^a2{PUP + Am^P^) + l2a^m^PG 



Tr 



Tr 



Tr 



►'45 



mg^C'^ / d^x 



27r2. 



a2m{PUP + 4m2p2) + Gosm^PG 



d^x ^/Sn^, 



o 2,^2 2 * 

3^ 6 asm 



47r2e 



(2.116) 



(2.117) 



(2.118) 



,2/^2 



27r2f 



d^x 



2a2(2m^p2 + -EUE) 



1 



Tr 



Tr 



55 



2 2^2 
-g m C 



27r2e 



d^x 



(2.119) 



(2.120) 



02(4771^52 + 505) + Gasm'^SE 
K'^Ni2K~^V2i + K-iiV24i^~ V42 + K~^N^r^K-^V^^ + i^-^A^sai^- V35 

3i52C2 



27r2f 



d^x 



2a2{m^SnS + 2m*S') 
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Tr 



-m^asiGm^SE + EDS) , (2.121 



3i 



m^a^i^Qm^PG - GUP) 



27r2e 



2a2{m^PUP +2rrv'P'^^ 



Tr 



K-^N2iK-'^Vi2 - K-^Ni2K-^V2i + R-^ N^iR-^Vis - K'^NisK 



2.122) 

31 



27r2f 



3 2 - 
+-a3m ■(/'□V' 



Adding all the terms (I2.115j) - (l2.120j) we obtain 



STt{K-^ N R-^V) 



2/-y2 



-g'c 



d^X 



3a3m2(-2PnG 



2^2e 

-V^DV' + 2S'n£;) 

+a2((nS)2 + (0^)2 + Wot^ 

STr 1 TVET- 1 iVi^- 1 T) 

Again, from the definition of Supertrace it fohows 

STriR-^NR-'^NK-^T) = -Tr{R-^NuR-'^N,jR-^Tji 



+Ti{R-'N2^R-'N,jR-%2) 
+ ... 

+Tt{r-^N5,r-^n,,r-%^) 



The divergences appearing in ()2.125p are 

T:v{R^^NiiR'^NiiU{-i^ + m)) 



Ag m- 



;7r2e 



dS 



t:v{r-^N22R'^N2aR'^u) 



d^x 



87r2e 

Tr(K^iiV23i^"^A^34i^"^n) 



mE^ + 4m25£; - Sm^S'^ 



(2.123) 



(2.124) 



(2.125) 



(2.126) 
(2.127) 
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87r2€ 



- mG^ + ImGP + 3m^P^ 



i 



X 



87r2e 



= -45^ 



87r2e/ 



d^x 



Sm^P^ + rr?PG 



I 



d^x 



2m^PG + mG^ - 3m^P^ 



= V 



d^x 



Arn^ES + Sm^S'^ + mE 



87r2e 



Sm^P^ - rr?GP 



= V 



87r2€ 

mTr (if- ^ iV24ir ~ ^ A^42i^ ~ ^ □) 



4/ 



d^x 



87r2€ 



Sm^S^ - m^ES 



d^x 



87r2e 



3m^P'^ + m^PG 



45^ 



d^x 



87r2€ 

mTr (is:- ^ iV34 ^ 7V43 ^ □) 



m^E5 + 3m^S'^ 



dS 



- m^GP + 3m^P^ 



87r2e 

TV(ic-iiV33K-iiV33ir-in) 

TV (is:- ^ A^32 " ^ iV23 ~ ^ □) 



=45^ 



ds 



87r2e 
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87r2e 



87r2e J 



87r2e 

T>(iC-iiV22i^"^iV22if~^n) 



45^ 



87r2e 

TV (iC- ^ Ar2i iC" ^ 7Vi4 K~ ^ □) 



= V 



8^ 



Tr{K~'^N3iK''-Ni5K-'-n) 



-1 ; 



— Ir 



d^x 



87r2e 

Tr (i^- 1 iVsi 1 iVigK" 1 □) 



d^x 



87r2e 

Ti{K-^N2iK-^Ni2K-'^n) 



4g m 



8/ 



d^x iippip, 



Ti{K~'^N42K-'^N22nK-'^a) 



4/ 



d^x 



87r2e 

Tr(K-'^N43K-'^N320K-'^D) 



= 45^ 



d^'x 



87r2e 

Tr(ir-^iV44ir-^7V42nii'~^n) 



= -W 



d^x m^5^ 



87r2e 

Tr (K- ^ Ar45 1 7V52 n/s:- ^ □) 



= 125' 



87r2e/ 



d^x m^P^, 



87r2e, 

Tr(ir-^iV54iC-^iV43nK-^n) 



(2.141) 
(2.142) 
(2.143) 
(2.144) 
(2.145) 
(2.146) 
(2.147) 

(2.148) 

' + m)n) 
(2.149) 

(2.150) 

(2.151) 

(2.152) 

(2.153) 
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-125' 



12g' 



125' 



87r2e 

Tr(K-iiV53i^"'iV33nA'-in) 



87r2e 



Summing the terms (j2.126p - (j2.157p we obtain 

2^1(727712^2 



STi{K-^NK-^NK~^T) 



dS 



(2.154) 
(2.155) 
(2.156) 
(2.157) 



(2.158) 



SUS + PUP - ipi^ij + E^ + G^ 
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